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On the basis of the phenomenological theory—the thermodynamics of irreversible processes—-and of the
independent results of kinetic and statistical theory, a systematic description is given of transfer phenomena:
heat conduction allowing for finite rate of propagation of heat, stress relaxation in viscoelastic media,
moisture transfer in capilla®y~porous media, and turbulent transfer processes. Some solutions are presented
for the hyperbolic equation of mass transfer in porous media.

The basic theory. The theory of transfer processes embraces such diverse phenomena as diffusion, heat conduction,
thermal diffusion, electrical conduction, absorption of sound waves, etc.

Transfer phenomena occur in systems which, strictly speaking, are not in a state of thermodynamic equilibrium.
Two types of transfer processes must be distinguished,

Firstly, there are processes occurring in a system whose initial state is not an equilibrium one; left to itself, the
system undergoes transition to this equilibrium state. All relaxation processes are examples of this type.

Secondly, there are processes occurring in a system where external agents (e.g., externally maintained tempera-
ture gradients or variable external fields) prevent the establishment of the equilibrium state. In this kind of system,
exposed to external influence, there is established, in general, a stationary state which should be distinguished from an
equilibrium state.

The study of both types of transfer processes is the task of transfer theory.
The following three basic methods of investigating irreversible transfer processes may be mentioned.

Firstly, there is the kinetic theory, the most direct method of examining irreversible processes. Here some
concrete model of the system is assumed initially. The resulting probabilities of the various molecular collisions make
it possible to write some kinetic equation, e.g., the Boltzmann equation.

Secondly, the statistical mechanics of irreversible processes offers a very general method. Its objective is the
development of a general formalism, similar to the algorithm of the statistical sum in the statistical mechanics of
equilibrium states. This formalism must permit the calculation from the ready-made formulas of any macroscopic
characteristic of the system in which the irreversible process occurs. Here no special model of the system is assumed
beforehand. This approach has fundamental difficulties [1].

Finally, there is the principal method of the present paper. This is to examine transfer processes with the heip of
the phenomenological theory of the thermodynamics of irreversible processes, a theory which, however, is based on the
first two methods.

The thermodynamics of irreversible processes is a powerful phenomenological method of studying heat and mass
transfer phenomena. It finds wide application in the investigation of transfer of heat, mass and energy of macroscopic
motion. As de Groot [2] has shown, the equations of hydrodynamics of continuous media are obtained directly from the
basic equations of thermodynamics of nonequilibrium states. By developing these methods, we can obtain equations for
the transfer of energy, heat and mass for various systems,. including non-Newtonian liquids and dispersed media, and
can also substantiate certain features of turbulent heat and mass transfer theory. This paper will also deal with these
questions.

From the thermodynamies of irreversible processes is derived the known formula relating rate of production of
entropy d;S to the fluxes (e.g., heat or diffusion flux, etc.) and to the thermodynamic forces X;, causing these fluxes
(temperature and concentration gradients, etc.):
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*This paper was presented at the Minsk All-Union Conference on Heat and Mass Transfer, 5-$ May 1964,
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In deriving (1), the Gibbs equation
TdS = dU + pdV — 2 w; dn; @)
i

is used. Relations (1) and (2) assume that the entropy of a system not in the equilibrium state is determined by the same
independent variables as that of one that is. Postulate (2), which affirms that it is possible to described nonequilibrium
states by means of variables defined, strictly speaking, only for equilibrium systems, is not self-evident. However,
Prigogine has shown from kinetic theory that it is a very good approximation when the departure from equilibrium is not
too great.

For transfer processes, the thermodynamics of irreversible processes, based on (1), is limited to the region of
validity of the linear phenomenological laws

5= Y LaXr, @)
k

where the phenomenological coefficients Lijk are assumed to be constant. This latter fact should be noted particularly,
and should be borne in mind when the essentially linear relations (3) nevertheless involve an empirical dependence of

the phenomenological coefficients Ljk on the variables entering into the definition of the thermodynamic forces. This

is, strictly speaking, incorrect within the framework of the thermodynamics of irreversible processes.

Moreover, a reciprocity relation obtains, resulting from microscopic reversibility:

Lik = L,‘(i‘ (4)

Conditions (3) and (4) are more rigid than the conditions of applicability of the Gibbs equation. As follows from
(1), (3), and (4), it may be asserted that the coefficients are determined by a positive-definite quadratic form of the

Y
type L Ly, XX, >0 for all X;, specifically for L;L,, > L.
it
In addition, equations (3) must be covariant, i.e., all their terms must have the same tensor dimension.

Usually relations (1)=(4) are applied to a steady transfer process, but they may also be applied, as de Groot has
shown, 1o unsteady phenomena of low intensity.

For intense unsteady transfer processes the phenomenological coefficients entering into (3) cannot be considered
constant. The basic requirement of linearity of the phenomenological transfer laws is therefore violated. The linear
transfer equations transform in this case to nonlinear equations. The basic relations (1) and (3) then require refinement.

Following Prigogine [3], we shall divide the total change of rate of production of entropy do in time dr into two
parts: one part, dy0, is connected with the change of thermodynamic forces, and the other, djo, with the change of
flux:

domdys +do=Y, J,dX, + ¥, X,dJ, )

t i

It has been shown by Prigogine that when the phenomenological coefficients are constant and the reciprocity
relation is valid, the portion of the change in rate of entropy increase due to change of thermodynamic forces is equal
to the portion due to change of flux I,

Consequently,

dxc=djc=do/2, (6)

Zh%=2><z%- (M

{
Throughout the region of applicability of the thermodynamics of irreversible processes we have the relation
dxs <0, (8

In intense unsteady processes, the fluxes J; are related with the thermodynamic forces X) through certain non-
linear equations, whose form, generally speaking, is unknown. However, if the departure from the state of equilibrium
is not too great, we may express these nonlinear laws approximately as follows:
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k

r . . .
where Lg ), Lik and Lk are constant phenomenological transfer coefficients. In steady transfer phenomena X;=J; = 0,
and then from (9) we obtain the usual linear equation

Ji= ¥ LX,
k

If the change of thermodynamic forces with time is small, (9) may be written as

Ji=L§ J= 2 LipXpr (19)
k

where Lgr) has the dimensions of time and may be called a relaxation coefficient. Such a situation occurs, for example,
in heat conduction processes, when the time LilD) is comparable with the time taken by the unsteady heat conduction
process (see below).

Sometimes we must also take into account terms containing derivatives of the thermodynamic forces with respect
to time, for example, in describing the transfer of moisture in capillary-porous substances.

Stress relaxation in viscoelastic media. As a first illustration, and to explain the physical meaning of the addi-
tional terms appearing in (10), we shall examine the transfer of momentum of ordered motion in viscoelastic (non-
Newtonian) liquids.

A century ago, Maxwell, on the basis of the concept of relaxation, advanced the hypothesis that there is no
difference in principle between the mechanical properties of viscous liquids and solid bodies.

Relaxation is the phenomenon of gradual disappearance of elastic stresses under a constant given strain, i.e., the
gradual dissipation of elastic energy in the strained body due to its conversion into heat. Relaxation processes are
inseparably linked to random thermal motion of the molecules. The shear stresses pjk in a viscoelastic body relax

(are dissipated) in a time interval 7p at some finite rate wy.
We shall consider that dissipation of the internal stresses p;; proceeds according to the Maxwell law

P = P (0) exp (— 7/7,), (11)

where 7} is the relaxation period, equal to the ratio of viscosity 1 to shear modulus G (11 = 1/G). Thus, in a visco-
elastic body, the shear stresses relax at a rate inversely proportional to viscosity:

bik = — P/ = —Gpy/7. (12)

In an elastic body the shear stresses remain constant pijk = pik(0)), or the period of relaxation 7, - «. Therefore, if
Tr = 0, a liquid behaves like an amorphous solid.

Newtonian liquids may be considered as viscoelastic bodies with relaxation period 7, — 0, or with relaxation rate
wy — . Consequently, if 7, — 0, the substance behaves like an ordinary viscous liquid. For these liquids the friction
stress is directly proportional to the viscosity coefficient and to the rate of shear strain €jk (law of viscous flow). In
fact, for plane~parallel flow of an incompressible liquid the friction stress may be written as

Jw ow, dw 0 ol ‘
Pra=—1 —1—'!*—‘—2\:_'4‘“—1:"4’“‘ ""——1):74312v (13)
0%y 0%, 0, dr 0X,
it being assumed that a~w—1 > % .
Ox, ~ Oxy

For intense unsteady flows a viscous liquid behaves like a viscoelastic body. Therefore Newton's law (13) of
viscous flow becomes inapplicable. Instead of (13) we must use (10), which, taking the flux to be pyp, &ik equal to
the thermodynamic force, Ly; = 7 as the viscosity, and Ly "= = 7, as the relaxation period, may be written as

Pir = "lé‘k — T bik = ﬁa'ik — btk/G‘ (14)

If the relaxation period T, is small (r, = /G — 0), we obtain the law of viscous flow from (14), if n is large
{n — ) we obtain from (14)Hooke's law of elasticity

& = — Py/0, (15)
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whence
Pip = Gey = pw? ‘:‘;lz' (16)
Here w, is the rate of propagation of shear strain, ér the rate of propagation of transverse waves
w, =V Glp. (1
For intense unsteady flows the quantity TyPik is comparable with n€y, and therefore (14) must be used instead of

(13).

For systems of more complex structure the flow law will be given more generally by (9). For example, Oldroyd
[4] obtained theoretically the flow equation of a viscoelastic system, consisting of an emulsion and a suspension of one
Newtonian liquid in another, in the form

Pir = "ip + ey — TDyk- (18)
The Oldroyd equation is identical with (9) when L =1, L'= 17", LM = —7¢. Returning to (10), we note that the
additional term Li{")7; describes a finite rate of propagation of the stresses imparted to a body or to a system of bodies.

Heat transfer. Similarly, for intense unsteady transfer processes, instead of the Fourier law of heat conduction

Jo =L, X, =—WT (19)
we must use relation (10)
(r) ;
J,=LJ,+L,X, (20)
which we shall write in the form
. daT .
q=—hsr———71.4q, (21)
on
where X is the thermal conductivity, and L) = Ty is the period of relaxation of thermal stress.
y qq p

Relation (21) was obtained in [7, 8] for the case of heat transfer and diffusion. The rate of propagation of heat is
finite:

w, =Va, =V Ve, (22)

where a = A/c pisthe thermal diffusivity. For nitrogen wq = 1560 m/sec, and 7, = 107? sec. For metals 7y is smaller
still, for example, 7y = 10-* sec for aluminum. Therefore experimental measurement of 1, is not possible in these
cases. However, for gases in conditions of rarefied supersonic flow, the influence of finite rate of progation of heat on
heat transfer becomes appreciable,

Equation (21) may be written as

(23)

It is known that the classical theory of heat conduction assumes that the rate of propagation of heat w is infinitely
large (wq => o), Assuming Wq = @, we obtain from (23) the Fourier law of heat conduction, which will correspond to
the case when the relaxation period of thermal stress is assumed equal to zero (7 = 0).

At large rates of change of thermal flux q, the second term in (23) becomes comparable with the first and must
not be neglected.

If the thermal conductivity is large (A «), or the volume heat capacity is small (cp ~ 0), we obtain from (23)

q~cpw, T/, (24)

where w, is the rate of propagation of the isotherm, proportional to the diffusivity. Equation (24) is analogous in form to
(18), which describes the state of stress in a body with a very large relaxation period ( Ty = ).

From (23) we can obtain the differential equation of heat transfer. In fact, eliminating the flux q from the heat
balance equation for the one-dimensional problem
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o 0q
c = 25
P T ax =9

and from (23), we obtain

ar 0T o*T
=

,?,':

bt = ) 26
dt d<? ox? =

Equation (25) is of hyperbolic type and takes into account a finite rate of heat propagation.

At low gas pressures, when the volume heat capacity is small (cp — 0), heat transfer proceeds by molecular
means. In this case the molecular mean free path is determined by the thermal conductivity and the finite rate of
heat propagation. Then the first term of (26) may be neglected, and as a result we obtain the heat transfer equation in
the form

2
T _ 2 0T | el
0?2 7 Ox?

This relation will hold for gases in conditions of supersonic flow at low density.

It is shown in Appendix I that the heat transfer equations are hyperbolic if they allow for a finite rate of heat
propagation. This result is obtained from the kinetic theory by solving the Boltzmann equation by Grad's method [9].

In conclusion, it is interesting to draw an analogy between published results and a known case of calculation of
finite rate of heat propagation — Zel'dovich-Kompaneets temperature waves [10], where the finiteness of the rate of
heat propagation appears because of the dependence (stepwise) of the thermophysical properties of the medium on
temperature.

Mass transfer in colloidal capillary-porous bodies. Moist materials are hydrophilic capillary-porous substances.
In these substances osmotically-bound moisture and absorption-bound moisture are transferred by molecular means in
conformity with Fick's law of diffusion. As in the case of molecular heat transfer, it is assumned that the rate of motion
of mass is infinitely great. In analytical diffusion theory this assumption does not affect the final results, since the
relaxation period in molecular mass transfer is approximately of the same order as the relaxation period for heat transfer.

However, in addition to the diffusion of moisture, in colloidal capillary-porous substances there is a rather slow
movement of moisture under the influence of capillary forces. Usually capillary motion of moisture in polycapillary-
porous substances is described formally by a moisture transfer law analogous to that for diffusion (capillary diffusion). It
is assumed that the capillary potential is a continuous function of the moisture content of the substance, and then the
gradient of capillary potential will be proportional to the moisture content gradient. Therefore, the flux of capillary
moisture jcap will be

jcap: kv, (28

where

r? 29
8,‘ j £(r) (29)

8

and f(r) is the differential curve of pore distribution along the radius r, which varies in the body from some minimum
capillary radius ry to a maximum r for given moisture content u (maximum radius of capillaries filled with liquid).

Under isothermal conditions the gradient of capillary potential V¥ is directly proportional to the gradient Vu, of
moisture content, and then we may write

jcap: —ﬁDCaPPOV u! (30)
where
a COSﬁ ¢
1
Degp= pIerY J 31)

o being the surface tension and & the contact angle of the liquid on the capillary walls.
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Equation (30) is valid for a porous body of polycapillary structure. For a monocapillary body f(r) -> =, hence
k — e, and Vi — . In this case the capillary moisture flux will be

jcap I p bw Weap’ A (32)

where Weap is the average velocity of the liquid in a body with monocapillary structure.

Equation (30) is analogous to the Fick formula for diffusion of osmotic moisture, where it is assumed that the rate
of propagation of moisture, like the propagation of hieat, is infinitely great. In fact, in colloidal capillary-porous
bodies the velocity of the moisture (liquid) is of the order 2 - 10"%t05 » 192 m/sec, and the moisture diffusion coef-
ficient Dy, for different substances varies from 1.4 - 108 to 30 + 10-2 2/sec [11]. Therefore, the relaxation period
Trm Will be of the order (0.4-1.2) - 10~*sec, i.e., approximately 10° to 107 times greater than 7, for heat transfer
in gases and metals.

Thus, to describe moisture transfer in colloidal capillary~porous bodies of polycapillary structure, the general
moisture transfer law (10) must be used, i.e.,

i=—D, pevu — t,,0j/0r, (33)

where
- o 2
Yrem T Dm/wfm'

If the capillary walls are slightly hydrophilic, the capillary moisture diffusion coefficient may be considered to
be very large. Then we obtain from (33)

a a- s
~90_‘i__21__1_=1_—>0. (34)
dn Wm Ot D,

We shall designate the linear rate of displacement of the iso-concentration surface (surface inside the body with
the same relative concentration u) by w,, = dn/dr. From (34) we obtain

i = pow?, Aufw, (35)

where Au is some given moisture content difference.
For a porous substance of monocapillary structure we may approximately take wyy = w,, and Au will be equal
to the maximum moisture content u (Au = 1, ); then from (35) we obtain
i = poWrplie, (36)
i.e., relation (32), since in this case pyue = Ipb.

Consequently, for a monocapillary-porous substance, the transfer velocity Wy is approximately equal to the
rate of capillary motion (wpm = Weap)-

In addition, it follows from the above analysis that (83) describes moisture chffusmn at a finite rate of moisture
ropagauon conditioned by capillary absorption.

From the law of conservation of mass of moisture for the one-dimensional problem we have
Po o= =— == (37

If we replace j by (33) and assume Trm = Dm/“’zrm to be constant, we obtain the differential equation of mass transfer
in colloidal capillary-porous bodies*:

ou u 0u

= t1, — =D, T4 (38)
T 0x?

This equation differs from the usual moisture conduction equation in having the additional term Ty 8%u/0r%, which
describes the capillary motion of moisture.

*The case when the rate of capillary motion wyy, depends on the coordinates is examined in Appendix II.
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In the case of nonisothermal conditions, the differential equation of moisture transfer in colloidal capiliary-
porous bodies takes the form

2 2 2
ou Ju D, (au az)y 89)

— + Trm—— = I + 6

J7 ot? dx? Ox?
where § is the thermal gradient coefficient, namely, the ratio of the moisture thermal diffusion coefficient to the
moisture diffusion coefficient.

This equation must be solved together with the heat conduction equation for a moist body

oTr o°’T L Ou
A gL 2 40
ot ox® +€ c Oz 0

where L is the specific heat of phase transition, and € is the phase transition parameter.

The set of differential equations (39)-(40) has been solved by A.V. Luikov and T.L. Perel'man for the boundary
conditions

T(x, 00=T, T, )=T, (41)
M =0, u(x, 0)=u,, (42)
ox
0u (0, =) =0, u(0, 1) =u, (43)
v
Ou(s, ®) g (44)
Ox

Analysis of the solution obtained indicates that thermal diffusion of moisture proves to have an appreciable in-
fluence on capillary moisture transfer at finite rate wyy. To illustrate this, we present the solution of the above problem
(39)-(44) for the particular case of isothermal conditions of moisture transfer § = 0 with no phase transitions € = 0.

In this case the solution may be written as

g LTl
Uy — Uy
i 1 : — d
=FE (1" — ) [1;—- 57 exp(—t¢2)sin (v z(1 —2)8) £ 1, (45)
Tf Z
0
where 7% = 7/Tyy, is dimensionless time,
= x/V Dy % » (48)
and
.. - [ Owhen 7% <0
E (%) = { § 4n
1 when t* > 0.

Equation (45) describes moisture transfer with finite velocity (when 7* > £). The moisture reaches point x no
earlier than time T > ]/T,m/[)m X, when there is still no moisture [E(T* — &) = 0]at points more remote from the
surface. The solution of this problem with infinite moisture transfer rate (vyy = 0), is known to have the form

u® =erfc (x/2 v D). (48)

This solution (48) differs from (45); they coincide only when 7 — e. From (45) as 7% — « we obtain

.q X
+ =l ..., 49
VT_‘T* + ,I/TCDmT ( )

u# =Jj—

which is identical to (38) when 7-* <,
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Thus, the general relations of thermodynamics of irreversible unsteady transfer processes may be used to describe
diffusion-capillary moisture transfer in moist materials.

In concluding this section, we note that estimates indicate that in a number of cases of moisture transfer in
complex and intertwined systems of capillaries, such as exist in a capillary-porous body, we must also take account of
terms containing derivatives of the thermodynamic forces with respect to time (9).

Turbulent heat and mass transfer processes. Transfer process of various types (heat, momentum, and mass) play
a major role in turbulent flow. Following the general viewpoint adopted in the present paper, we give below a very
brief resume, because of insufficient space, of the results obtained from the theory of transfer processes in turbulent
media, allowing for finite velocity of propagation of the respective quantities. New results from the description of
turbulent transfer processes will be published separately.

A distinctive feature of transfer processes in turbulent flow is the range of scales of motion of the turbulent
medium, responsible for mixing. The nature of turbulent transfer is determined by the distribution of enetgy between
turbulent motions of different scale. The largest scale of motion, to which almost all the flow energy contributes, is
called the scale of turbulence 1. Values of the velocity of a liquid at points whose distances apart do not exceed I,
prove to be statistically interrelated. Therefore, particles of liquid or of additive whose distance apart does not exceed
1, will not move independently. This upsets the analogy between twbulent and molecular transfer.

However, as a rule, the dimensions of the regions in which the transfer processes occur are appreciably greater
than the scale of turbulence. In such cases it is justifiable to describe turbulent transfer by analogy with molecular
transfer, taking into account certain peculiarities, on which we dwell below.

We shall thus examine how far to stretch the analogy between molecular transfer and transfer processes under
conditions of small-scale turbulence [12].

Random molecular motion may be described by a mean molecular velocity v,,, and a mean molecular free path
. The diffusion coefficient (or, in the case of heat transfer, the thermal conductivity) is defined in terms of these
quantities as

Dm ~ Umlmi (50)
using the concept of a constant of proportionality between the flow of matter (heat) and concentration (temperature)
of its gradient.

Similarly, random turbulent motion may be described by a mean value v of the turbulent velocity fluctuations
(fluctuations of the intensity of turbulence and of the scale of turbulence I of the type introduced in the Prandtl "mixing
length™). We can determine the coefficient of turbulent diffusion

DTNUZ, (61)

which is the coefficient of proportionality between the mean turbulent flux of the quantity being transferred and its
average concentration gradient

J = — Drpyc, (52)
where
J=pc't ' (53)
(the primes indicate deviation from mean values).

If a diffusion law expressed by (30) is assumed, then, using the éontinuity equation for the quantity being trans~
ferred, we obtain a diffusion equation in the usual form (parabolic). There is, however, a vast difference in the scales
of motion between molecular and tutbulent processes. For example, for molecular diffusion

U, ~ 10* cm/sec 1, ~ 10-5,

D, ~ 10"t cm*/sec 71, ~ 10—° sec.

For turbulent motion, acceptable values of turbulent fluctuations are ~10% of the mean velocity and lie in the
ranges

0 ~1—10% cm/sec | ~1—10° cm.

Hence
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Dy ~1—10° em¥sec,

7, ~ 1072102 sec.

From the estimates given, it follows, firstly, that in the majority of problems of turbulent transfer molecular
processes may be neglected Dp > DM'

Secondly, it appears that there is an even greater qualitative difference in the description of turbulent transfer
processes, since, because of the vast difference in scales and velocities of motion, the parabolic equations commonly
used to describe molecular transfer processes, and introduced under the assumption that the velocity of the molecules
is infinite, become unsuitable. The applicability of the parabolic transfer equations is the more restricted, the less the
effective velocities of the diffusing substance (heat).

Thus, the parabolic equation of turbulent diffusion, which indicates that any disturbance is instantaneously
apparent, if only to a minute extent, at an arbitrarily great distance from its source, should be replaced by a hyperbolic
transfer equation,

Again using the relations of thermodynamics of irreversible processes between fluxes and thermodynamic forces,
as modified earlier for unsteady processes, we have, for the case of isotropic turbulence,

°C o€ _ 2*C
or* Ot oy

P

tr

. (54)

If Dy is variable, the term on the right has the form ~a_ (D

dy

0C
Té;/_)

Equation (54) was introduced by Goldstein [13] (see also [14]) through an examination of a known random-walk
problem. The same generalization has been proposed for non-isotropic turbulence.

In the random-walk problem Markovian stochastic processes of various orders may be examined.

The usual diffusion equation can easily be derived from the assumption that the diffusing particles move randomly,
i.e., their coordinates vary with time according to the law of a Markovian stochastic process of the first order. Then
the diffusion equation is the Kolmogorov equation for this stochastic process,

This scheme proves to be inadequate and too simple to be applied to turbulent transfer processes. The probability
of locating a particle of the substance being transferred under turbulent transfer conditions depends at any moment of
time 7 not only on its position at the immediately previous moment of time, but also on some part of the previous
trajectory of the particle. If we restrict attention to a Markov process of second order, we obtain a transfer equation of
hyperbolic type.

There also exists another, simpler derivation of the hyperbolic transfer equation from the generalized Fokker-
Planck equation in phase space [15].
o*C
ot?
tant, independently of its order, since it contains the higher derivative, and therefore determines the type of the
equation and changes the qualitative nature of the solution. Let us compare the behavior of solutions of parabolic and
hyperbolic transfer equations when, for example, at time zero in an infinite space there is a source of the type

In conclusion, we stress the following: equation (54) is hyperbolic; this shows that the term T, is impor-

C0, y)=Cy8(y) (55)
We have
C 2
c , T) == — ex (_, y , 56
P(y ) V47:DTT p QDT’C ( )

and from (54) it follows, correspondingly, that

A wheny< (—P£>T

y (57)

Culy, 1) =Cy 1,
0 when y > ( T) T,




where

_ = T L)
A= eXp( 210)[1°(Y)+2r, % ]

1 2 2
Y—":'——.,.: _T_....—_‘l./_,
2VTO l/Tr DT

and 1o (Y) and I (Y) are modified Bessel functions of order 0 and 1. At small times the behavior of solutions (56) and
(57) are appreciably different. We note, for example, the basic fact, which may be seen from (56), that diffusion takes

place’ according to the law Vyz -~ 1/; , while from (57) Vryz ~ T is obtained. When 7> =, (56) approaches
(57) asymptotically. ’ :

We make several comments on the possibility of generalizing hyperbolic transfer equations in the case of more
than one (space) measurement.

~ To derive the transfer equations with allowance for finite velocity of propagation of the transferred substance in
the three-dimensional case, we must examine the appreciably more complex three~-dimensional (or two-dimensional)
Markov process. It can be shown that the transfer equation will then be not a differential, but an integro-differential
one. The integral operator in this equation cannot always be represented in the form of derivatives with respect to
time of various orders. It may be shown (we omit this owing to insufficient space) that, for example, in the simplest
case of two-~dimensional diffusion, the turbulent transfer equation may be put in the form of a differential equation of
type (54) only if 7p(x) = 7(y), which will hold, for example, in isotropic turbulence.

In concluding, we note that methods of thermodynamics of irreversible processes are valuable for investigation
of interrelated heat and mass transfer processes. Further development of these methods applicable to intense unsteady
transfer processes is an urgent and important task in the over-all problem of heat and mass transfer.

Appendix I
It is known that the Boltzmann equation is valid for a rarefied gas in which only two-body collisions between
molecules are possible. In the absence of external forces it takes the form
5) =0
o g

1
LI 1
ot x m © W

Here f(x, E, 1) is the mass density distribution function, and J; is the collision integral which depends on the
law of molecular interaction.

Grad has proposed the use of an expansion of the distribution function f in Hermite polynomials, taking as
weighting function the equilibrium Maxwell function FO .,

0

EIEDY -nl—, a H{®. @

n=0

Substitution of this expansion in the Boltzmann equation leads to an infinite system of differential equations. The re-
quired degree of approximation to the complete solution of the Boltzmann equation is determined by the number of
terms taken in the expansion. In order to obtain a finite system of differential equations in closed form, all the Hermite
coefficients of higher order are assumed to be zero.

Most attention has been given to the third approximation, when the first three terms in the expansion of the
distribution function are examined:

1 1
f=W2(H3d%$+E£MM- @

Lk
The Hermite coefficients agj?) and aS’é are related to the moments of the distribution function of second and
third order

Pij ® — St

a(2)=—~——, a: = ——,
T TR
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where pj; is the stress tensor. The convolute third moment S; = 2 S;.., which is equal to twice the heat flux qj,

has an important physical meaning. j

i

Therefore, instead of approximation (3) we use the incomplete third approximation
b oy 1 o
f = f(o) 2 (1_{— —2— a;]. )H‘(i) + _1_ alf JHL§3) , ;= E Qs 4)
i 0 ik

which may be written in the form

f:fmg{wﬂ_ ce— ci(l— )} 5

= 2pRT RT BRT
€ =& —w.
Thus, the components of moments p, T, wj, Pijp 9~ the total number is 13~are taken as parameters of

state of the system. The stresses and the heat flux are examined along with the variables p, T, wj.

In the system of equations of the 13 moments there appear the equations of conservation of mass, momentum and

energy, as well as the equations for the stresses and the heat flux:

a \ 9 - (@) =0, (6)
ST )
N R ®
%TZ {0% (w,pyy) + —?; (g‘%“g—%—% 6”%) +
+pir§% + Py ?;:i“% 84 Prs (%Jr (I%%—k%(%__
v—~%6i,-%%)}+@ppij=0, ®
9q; E{E(w’qi)+_qr0w,+2 rdw,;}_ iaw,_*_
o~ o, 5 ox, 5 oy 5 " ox
o L B e
VL AT o

where
pij=P;; — p§;;.

Here B is the collision parameter. The equations of the 13 moments are hyperbolic. The derivatives with respect

to time appearing in them require the assignment of definite initial conditions.

In the case of slowly varying flows the dependence on the initial values may be neglected. The time to establish
steady (quasi-equilibrium) flow is much less than the time for the system to reach the equilibrium state. In cases when
these two time scales are comparable, the flow must not be considered steady; here the derivative with respect to time

must play an important role.

We shall examine, as an example, the unsteady heat flux in a stationary gas (w = 0), when Pij and 43 depend
only on time. We arrive at the following system of equations
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0p/0t =0, an

Y op,jox, =0, (12)
dp/oT =0, (13)
ag, 7 ORT), 5 ORT | 2
Sl Lop, LV 2 OB = e (15)
61+2{2” ox, | T g P Ty B

It follows that the pressure p is constant; the stresses pij are damped exponentially

Pii (7) = p;;(0) exp (— Bov). (16)

From the latter equation we obtain for the heat flux

dg, { 7 5 } ORT = 2 |
I —p, — p§; — @pg; =0. 17
P rz 2ptr+ D) PO;r axr -+ 3 @)ql 1n
This may also be written in the form
1 dg;
q; + — =
(2/3)Bp 97
15 pR 21 R oT (18)
=—2{<’_P_6Lr+—"—‘pw> ‘}v
;L4 o 4 Bp 0x,

. o . .. 15 pR . . ) X .
which coincides with (21). The quantity i = Z ~ is the thermal conductivity, which customarily appears in the
system of equations for a continuous medium. The value —%%E— has the significance of a relaxation time.

p

AEEendix 1I

For a number of capillary-porous bodies the rate of capillary motion of moisture wc,p, as the work of S. Taneeva
has shown, is inversely proportional to the path x, Weap = a¢/x, where ag is some constant value depending on the
porosity of the body, its capillary properties, and the viscosity of the liquid. Assuming in the first approximation that
Weap = Wy, We obtain for the moisture flux the following relation

.._; . ) (19)

j=—D, py — —
"3 a  oc
Using the moisture balance equation
0 du 9 %0
" 5. EE (20)

we obtain the differential equation of moisture transfer under isothermal conditions for a flux density of the following
form

di , D 0% 0%

AypZmpl_p 71 1)
or a() or? Ox?

We shall examine the boundary problem for a semi-infinite body, when a constant moisture flux jo crosses the
exposed surface:

i0, O =jo, jloo, 1)=0; (22)
i(x, 0)=0, 90, x) _, (23)
dr :

We shall seek a solution in the form
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i %) = jof (8), (24)

where
£ =20, T/x®. (25)
In this case we obtain the differential equation
E&—Df ) +" 2 E— -2 [ (®) =0 (26)
. 2 ° 2D, .
with the conditions
f(e) =1, [(0)=0, [(0)=0. ' 270

The solution of (26) with initial conditions (27) may be written as

f(E)=0 when 0 <E<1,

;
-5 . u—3/4

f(8) = 2 T(a+3/4) (m—1
( V = rerim J o1y

dv,

where o = a¢/4Dy; — the integral appearing in (28) — may be expressed in terms of hypergeometric functions. The cases
o > 3/4 and o « 3/4 may easily be investigated, and, for example, in the particular case o = 3/4 we obtain

’ - 0 ~ when x*>2aq47
X, T) = O S 29
! fo 1—x V'2/(x* +2a,7) when x < 2q, 7. @)
Appendix III

The solution of the system of differential equations (39)~(40) with boundary conditions (41)=~(44) in the absence
of phase transitions (& =0) has the form

LuPn

. ————-——u uo =3 pp— r—— — —_ e 1
u P— E(t £) {[1 - (I—exp [—( Lu) X
1 | g LuPn
% —_ - — L {1— —
X (7 %)1)] exp( 5 §)+ 5 3 5 [1 I Lu (1—expl

L) Vo —¢| b+

—(1—Lu) (r*—v)])J exp (—~~;~v> Jr—n

+LuPn ( exp[— (1—Lu) (t* —v)] erfc (1/2 V'v) do, (30)
0
where
E (v¥) = { 0 when 17 <0
1 when % >0,
E= x/ I/Dm If—n;

and I, (v) is a modified Bessel function of first order. The last term of (30) differs from zero when 7% > 0 and describes
the thermal diffusion transfer of moisture. If moisture transfer occurs at constant temperature, the Pn number is zero
(Pn = 0). Then from the solution of (30) we obtain

w = E (v — ) [exp (~~;—§> + —21—§ y exp (— é-v) h {(Lﬁ?é_‘if;“'gzl va. 31
\ E -~




This solution (31) may be written in another form

. .
u* E(t* —¢) {1,_ —1: S exp (—w#2)sin (Y z(1—2) & ) iizi} ) (32)
0

which was given above (see Eq. (45)).
Notation

a—thermal diffusivity (a = A/cp); b—capillary fill factor; c—specific heat; C— concentration; D¢gp—capillary
diffusion coefficient; Dyy—moisture diffusion coefficient or mass diffusion coefficient in a moving mixture of gases;
D —coefficient of turbulent diffusion; e—phase transition parameter; G—shear modulus; I—specific heat and mass flux;
k—coefficient of capillary conduction; n—direction of normal to isothermal surface; n;—concentration of i-th com-
ponent in the mixture; p—pressure or friction stress; p = dp/dr—rate of change of friction stress with time; q—specific
heat flux; q = dp/dr—rate of change of specific heat flux with time; L—specific heat of phase transition; S— entropy;
T—temperature; vy—velocity of molecules; u—internal energy or relative moisture concentration in the porous body
(moisture content); w—velocity of liquid (gas), or rate of propagation of stress, heat and mass; X;—thermodynamic
motive forces; &—shear strain; € = d &/dT—shear strain rate; 1—viscosity; 9—contact angle; A—thermal conductivity;
j1;— chemical potential of i-th component of mixture; II—porosity; p—density; pg~ density of absolutely dry substance;
o—entropy increase or surface tension; Ty~ period of propagation of moisture in capillary-porous system; ¢ —capillary
potential; Lu—inertia number of moisture content field relative to temperature field in a porous body (Lu = Dy, /a =
= Dy 0po/X); Pn—Posnov number (Pn = §(u, — ug)/(T, — Ty)). Subscripts: q—thermal state; c—elastic state; m—
characteristic of mass or molecular characteristics; r—relaxation characteristics; T —turbulent properties; t—isothermal
state.
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